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Raman-type laser excitation of a trapped atom allows one 
to realize the quantum mechanical counterpart of phenomena 
of nonlinear optics, such as Kerr-type nonlinearities, paramet- 
ric amplification and multi-mode mixing. Additionally, huge 
nonlinearities emerge from the interference of the atomic wave 
function with the laser waves. They lead to a partitioning of 
the phase space accompanied by a significantly different ac- 
tion of the time evolution in neighboring phase-space zones. 
For example, a nonlinearly modified coherent "displacement" 
of the motional quantum state may induce strong amplitude 
squeezing and quantum interferences. 

PACS numbers: 03.65.-w, 42.50.Vk, 42.65.-k, 32.80.Lg 



I. INTRODUCTION 

A single atom trapped in a harmonic potential turns 
out to be a very well defined object for studying funda- 
mental phenomena of quantum dynamics. Since the first 
realization of such a system in an ion trap by Neuhauser 
et al. [0, the subject has stimulated much experimental 
and theoretical work. As has been shown by Blockley 
et al. 1^] , the laser-assisted coupling between the internal 
and external degrees of freedom of a trapped atom can 
be described, under appropriate conditions, by a Jaynes- 
Cummings model. This allows one to study phenomena 
we are familiar with from cavity QED, such as the micro- 
maser dynamics , in the vibronic motion of a trapped 
atom y|. Eventually, several proposals have been pub- 
lished for preparing nonclassical states, such as squeezed 
states § and motional number states and successful 
experiments have been performed |0J|]. 

The dynamics of a trapped atom, however, not only al- 
lows one to reproduce effects of cavity QED in the quan- 
tized motion. When the spatial extension of the atomic 
wave-function representing the center-of-mass motion is 
no longer small compared with the driving laser wave- 
length, nonlinear effects emerge that have no counter- 
part in standard nonlinear optics. It has been shown by 
Vogel and de Matos Filho that the atom may undergo 
a vibronic coupling which is very well described by a 
nonlinear, multiquantum Jaynes-Cummings model 
Meanwhile this prediction has been confirmed experi- 
mentally and modifications due to micromotion have 
been studied pO| ]. The nonlinearities in this model al- 
low to prepare exciting motional quantum states, such 
as quantum superpositions of both coherent and 
squeezed states [Q, nonlinear coherent states p3| , p^ , 



pair coherent states and pair cat-states ||T^. Mea- 
surement techniques for the full diagnostics of motional 
quantum states have been proposed and realized . 

These outstanding feasibilities render it possible to rise 
new types of questions. The nonlinear Jaynes-Cummings 
model has introduced new kinds of nonlinearities that 
substantially modify phenomena we are familiar with 
from nonlinear optics, such as multiphoton absorption 
and emission. In nonlinear optics, however, other interac- 
tions are known which leave the electronic transitions of 
the nonlinear medium almost unchanged. Examples are 
the Kerr nonlinearity, parametric interactions and several 
types of nonlinear wave-mixings. The question appears 
as to whether it is possible to realize such phenomena in 
the motional dynamics of a single atom, where the trap 
potential replaces a cavity used in nonlinear optics. 

In the present contribution we propose Raman-type 
excitations for inducing various kinds of nonlinear inter- 
actions in the quantized motion of a trapped atom. We 
consider the quantum mechanical counterpart of nonlin- 
ear optical effects that do not influence the electronic 
degrees of freedom of the atomic medium. We show that 
even a single degree of freedom of the atomic center-of- 
mass motion can be driven in a strongly nonlinear man- 
ner. Surprising phenomena are caused by the interference 
effects of the atomic wave function with the driving light 
waves. They induce a nonlinear partitioning of the phase 
space, the action of the time evolution being different in 
neighboring phase-space zones. This partitioning may be 
used for the generation of nonclassical effects like ampli- 
tude squeezing and quantum interferences. 

The paper is organized as follows. In Sec. II the basic 
model for the Raman-induced motional dynamics is in- 
troduced and the effective Hamiltonian for the nonlinear 
motional interactions is derived. Section III is devoted to 
the nonlinear phase-space partitioning together with the 
illustration of its effects in simple examples of motional 
dynamics. A summary and some conclusions are given 
in Sec. IV. 



II. RAMAN-INDUCED MOTIONAL DYNAMICS 

Let us consider an atom harmonically bound in a trap. 
In general the atom oscillates in the three principal axes 
of the trap with frequencies Vi (i — 1, 2, 3). The trapped 
atom is driven in a Raman configuration with two clas- 
sical laser fields of frequencies lul and lul + A (A<Cwl), 
which are off-resonant with respect to the electronic tran- 
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FIG. 1. The |1) ^ |2) transition of a trapped atom is driven 
by two off-resonant laser fields Ei and E2 of frequencies ljl 
and UL+A, respectively. Other electronic states (broken lines) 
are far off-resonant. The beat frequency A can be tuned on 
resonance with multiples of vibrational frequencies. 



sitions, see Fig. 1. During the interaction with the two 
lasers, the atom stays in its electronic ground state. How- 
ever, in the resolved sideband regime and for appropri- 
ately chosen laser-beam geometry and laser detuning A, 
it is possible to affect the motional quantum state of the 
atom in a well-controlled manner. 

The effective interaction Hamiltonian for the Raman 
coupling (in optical rotating-wave approximation) reads 
as 
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where k = ki— k2 is the difference wave- vector of the two 
laser beams and r is the operator of the atomic center- 
of-mass position. For small relative detunings from the 
frequency UJ21 of the dipole transition {\uj21—^l\/^21 ^ 
1), the effective two-photon Rabi frequency O is given by 
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with Q,i — 2dEi/T% (i = l,2) being the single-photon Rabi 
frequencies of the dipole transition of dipole moment d, 
driven by the electric-field amplitudes Ei and E2 of the 
two lasers. The phase of 17= jrije*''' is determined by the 
difference phase of the two laser fields ^ = '~P\—'~P2 smd can 
be held very stable in experiments. Eq. (^ can be written 
in terms of creation and annihilation operators of vibra- 
tional quanta by using the relations kiXi — r\i{ai + a}^\ 
where ki are the projections of the wave-vector differ- 
ence on the principal axes Xi of the trap and r\i are the 



Lamb-Dicke parameters of the vibration in these direc- 
tions. After disentangling the resulting exponential op- 
erator function, the Hamiltonian (|^) may be expanded in 
a power series as 
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This interaction includes, via the mode functions [cf. 
Eq. (|l|)] of the laser waves, a laser-assisted coupling of 
the three motional degrees of freedom (xi, a;2, X3). Since 
the wave-vector difference k is determined by the laser- 
beam geometry, the coupling of the motional degrees of 
freedom can be designed to include one, two, or three 
directions. 

To consider these couplings in more detail, we assume 
that the vibrational frequencies are well resolved by the 
Raman excitation, so that we may introduce a vibra- 
tional rotating-wave approximation. Choosing the laser 
beat frequency to be a multiple of the three vibrational 
frequencies, A = siz^i-|-S2i^2 (51.2 — 0, ±1, ±2, . . .), one ob- 
tains a coupling of all vibrational modes ||T^ . In this case 
the interaction Hamiltonian (in the interaction picture) 
is of the form 
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and the operator- valued functions gk(a\a;r]) are given 

by 

gk{a\a]ri) = < . ■ (5) 
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The Hermitian operator functions fk{n',ri) depend solely 
on the number of vibrational quanta n~a^a and read (in 
normally ordered form) as 
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From Eqs. (||) and (^ it is seen, that for decreasing 
Lamb-Dicke parameter only the coupling with fc = sur- 
vives. Therefore, by varying the geometry of the laser- 
beam propagation one can vary the Lamb-Dicke param- 
eters in order to change the Hamiltonian from a coupling 
of only one, two, or three vibrational modes. 

It is seen from Eqs. (^), (H) that the Hamiltonian de- 
scribes a motional dynamics with the following basic ef- 
fects. First, there appear combinations of different pow- 
ers of the motional operators di, dl. Interactions of this 
type represent the quantum mechanical counterpart of 
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wave-mixing effects in nonlinear optics. Second, via the 
functions f kin; if) the couphngs depend in a nonhnear 
manner on the excitations of the modes. This results 
from the interference of the atomic (center-of-mass) wave 
functions and the beat node of the laser waves, which is 
a typical effect of quantized atomic motion. 




III. NONLINEAR PHASE-SPACE 

PARTITIONING -lo -so 5 lo is -10 -so 5 10 is 



To get some insight in these effects, we first consider 
the one-dimensional dynamics, where only the motion in 
xi-direction is affected by the lasers (772 =??3 = 0). This 
requires a geometry of laser propagations with vanishing 
projections of the difference wave-vector k on the axes 
X2 and 0:3. In this case the Hamiltonian simplifies as 
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where we assumed a laser detuning of A = kvi {k > 0) 
and we have omitted the indices of the xi direction. In- 
teractions of this type may be considered as nonlinear 
mode couplings of one (weakly excited) quantized mode 
with (strongly excited) classical modes. Such approxi- 
mations are frequently used in quantum optics. Exper- 
iments of the type proposed here would allow to realize 
these couplings almost perfectly and to study the addi- 
tional (excitation-dependent) nonlinearities. 

For example, let us consider the one-quantum reso- 
nance (A = z/i) in more detail. In this case the structure 
of the unitary time-evolution operator obtained from the 
Hamiltonian (0) shows some formal resemblance to a non- 
linearly modified coherent "displacement" operator pl|. 
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For small values of the Lamb-Dicke parameter, 77 ^ 1, 
according to Eq. (||) the operator (||) may be replaced by 
the usual displacement operator D{—rjVl*t/2). 

The nonlinear dependence of the "displacement" oper- 
ator (^ on the mean number of vibrational quanta leads 
to effects of a new type. For a first insight we may re- 
place the number operator by its eigenvalue. We arrive 
at the c-number function /i(n; 77) = (ri.|/i(r),; ?7)|n), which 
reads as 



/i(n;,7) = ^-LW(r72), 
rj + 1 
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with L^*^-* (x) being Laguerre polynomials. To consider 
the action of the nonlinear displacement in phase space, it 
is advantageous to introduce the (complex) phase-space 
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FIG. 2. Time evolution of a coherent state that is initially 
placed on the boundary between two phase-space zones with 
opposite displacement directions (chosen along the real axis). 
The dimensionless times rj\Q.\t are given by (a), 2.5 (b), 5 (c), 
and 15 (d); 77 = 0.25. The contours represent the Q functions 
of the motional quantum states. 



amplitude a by setting n — |ap. The resulting func- 
tion /idap;?^) has zeros and changes its sign for certain 
values of Consequently, the direction of the displace- 
ment can be reversed, depending on the amplitude of the 
quantum state in phase space. That is, the phase space 
is effectively partitioned in zones. The action of the dis- 
placement in adjacent zones differs in the fact that the 
directions of displacements are opposite to each other, 
along an axis which is controlled by the phase differ- 
ence of the lasers. These phase-space zones are separated 
by the circles on which the coupling function /idap;?^) 
changes its sign. This nonlinear partitioning of the phase 
space leads to striking consequences with respect to the 
evolution of the quantum state. 

Let us consider the evolution of a coherent state that 
is initially located on the boundary between two such 
phase-space zones. Inside the corresponding circle the 
coupling /i(|ap;77) is positive and outside it is nega- 
tive. Due to this fact the nonlinear "displacement" oper- 
ator tends to split the coherent state as shown in Fig. 2. 
For rather short times the state can exhibit a significant 
reduction of phase fluctuations. In the further course 
of time the states is splitted into well separated sub- 
states. This leads to a coherent superposition of two 
quantum states, accompanied by quantum-interference 
effects. The displacement of each substate is limited by 
the boundaries between the phase-space zones, where the 
strength of displacement becomes negligible. The result 
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FIG. 3. Q function of a strongly amplitude-squeezed state 
with (An'^) / (n) — 0.006. This state is reached from an initially 
coherent state (a = — 9) in a dimensionless time 77|r2|tftilO, for 
77 = 0.25. The displacement acts along the real axis. 

is a squeezing of each substate onto the corresponding 
circle partitioning the phase space. 

This effect can be used to generate quantum states ex- 
hibiting strong amplitude squeezing. Let us consider the 
nonlinear displacement of a coherent state that is initially 
located within a single phase-space zone. As expected, 
the state is displaced in a well defined direction in phase 
space until it is squeezed onto the next circle separating 
two zones. The result consists in a strongly amplitude- 
squeezed state p2| with a non-vanishing coherent ampli- 
tude as shown in Fig. 3. It is worth noting that in its 
further evolution this quantum state does not approach 
a Fock state. The reason consists in the fact that in 
general the transitions between neighboring phase-space 
zones are very weak, but not suppressed completely. This 
leads to continued deformations of the phase-space dis- 
tributions of the motional quantum state. 

The one-dimensional Hamiltonian allows to con- 
sider other types of phenomena known from nonlinear 
optics. Choosing fc = 0, the corresponding dynamics 
is related to the Kerr nonlinearity |2^. The standard 
Kerr nonlinearity is reproduced by expanding the Hamil- 
tonian up to rj'^. In the more general case of larger 
Lamb-Dicke parameters the nonlinear function fo{n] rf) = 
(^|/o(^; 'n)^) pl^-ys a- similar role as the function rf) 
for the case k — \. Its oscillations as a function of n 
again lead to the phase-space partitioning effect. This is 
illustrated in Fig. 4 for an initially coherent state situ- 
ated at a circle in phase space where fo{n;ri) = 0. One 
clearly observes a rotation of the state which is due to 
the term oc ij^ of /o(n;?7). Moreover, the state is signif- 
icantly deformed: inside and outside the circle the state 
undergoes phase shifts into opposite directions, reflecting 
the change in sign of the coupling. 

For k = 2 the Hamiltonian (Q) represents the nonlinear 
generalization of a classically driven parametric interac- 
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FIG. 4. Time evolution of the Q function for k = 
(Kerr-type effects) and rj — 0.25. The dimensionless times 
\Q\t are: (a), 173.5 (b), 346.6 (c), 500 (d). 

tion. For the time-evolution operator agrees with 

the squeeze operator. This limiting case has been real- 
ized experimentally Q . In the more general case of larger 
Lamb-Dicke parameters, a rather complex dynamics ap- 
pears. The interpretation of all of its features needs some 
further research. 

For studying a quantized version of the parametric 
interaction, the coupling of two degrees of freedom is 
needed. Consider a laser-beam geometry with the pro- 
jection of the difference wave-vector k on the cca-axis be- 
ing zero, so that 773 =0. The dynamics couples the mo- 
tion in xi and X2 directions. For example, a detuning 
of A = 21^1 — 1^2 (si = 2, S2 = — 1) reduces the interaction 
Hamiltonian (^) to 

^int = -^hr]li]2^ f2{ni;T]i) ajal fi{h2;i]2) + H.C., (10) 

representing a nonlinear generalization of the parametric 
interaction. For small Lamb-Dicke parameters, 771,2^1, 
this interaction simplifies to 

Hint ^ -^WiV2^ alal + H.c, (11) 

which is the standard form of the parametric coupling. 
Beyond the Lamb-Dicke regime the interaction includes 
nonlinearities of the type considered above, which now 
appear in both motional degrees of freedom. Conse- 
quently, the nonlinear phase-space partitioning effects 
considered above will be of relevance for each degree 
of freedom involved in the Raman-induced motional dy- 
namics. 
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IV. SUMMARY AND CONCLUSIONS 

In conclusion we have shown, that a Raman-type laser 
excitation allows to induce nonlinear interactions of mo- 
tional degrees of freedom of a trapped atom, which are 
closely related to phenomena of nonlinear optics that 
do not change the electronic quantum states of the 
medium. The number of coupled modes can be easily 
controlled by the laser beam geometry. Standard effects 
can be realized, including coherent displacements, Kerr 
nonlinearities, and parametric mode couplings. In the 
laser-assisted motional dynamics additional nonlineari- 
ties emerge, which are caused by the interference between 
the light waves and the wave function representing the 
atomic center-of-mass motion. 

An important consequence of these nonlinearities con- 
sists in a partitioning of the motional phase space, which 
is caused by an oscillatory behavior of the motional in- 
teractions as a function of the phase-space amplitude. 
In neighboring phase-space zones the actions of the time 
evolution appear to be significantly different from each 
other. For example, in two adjacent zones a nonlinear ly 
modified "displacement" operator acts in opposite direc- 
tions. Consequently, a quantum state whose initial loca- 
tion is on the boundary between two zones will be splitted 
in two substates, which eventually gives rise to quantum 
interferences. Moreover, the partitioning allows to gener- 
ate strongly amplitude-squeezed motional states. Even- 
tually, in the case of a generalized Kerr nonlinearity the 
phase-space partitioning may lead to pronounced defor- 
mations of the initial state, which are caused by opposite 
phase shifts appearing in adjacent phase-space zones. 

The phase-space partitioning, although illustrated in 
this paper for the motional dynamics in one dimension, is 
a universal feature of the interference between the Raman 
beat node and the wave function describing the center-of- 
mass motion of the atom. When two or three dimensions 
are involved in the Raman- induced dynamics, the parti- 
tioning effects appear in the phase space of each motional 
degree of freedom. Consequently, the coupling between 
different motional modes will be strongly influenced by 
the interplay of these nonlinear effects. In general the dy- 
namics will sensitively depend on the initial conditions. 
Besides the feasibility of realizing phenomena well known 
from nonlinear optics in the motion of a trapped atom, 
this opens novel possibilities for studying nonlinear phe- 
nomena in a well-defined quantum system. 
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